
Lecture 4 - Sep. 17

Math Review

Logical (∧) vs. Programming (&&)
False Range ¬ R(x) vs. Empty Array
Proof Strategies of Quantifiers



Announcements/Reminders

• Lab1 due this Friday at noon.
• Scheduled lab sessions tomorrow.
• Study along with the Math Review lecture notes.

~

D
.



Q. Are the ∧ and ∨ operators equivalent to, respectively, && and || in Java?

Logical Operator vs. Programming Operator
- short circuit

& P
↳ eduate fromD toG
↳ if "Devaluates to falesBO ↳ evaluation of B

is skippedE

D

! "I
D both p and g are well-defined
& "evaluate" both sides separately .
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Accessing Araif a-

o

.... I

ALength == 10

② & Nath
(1) i < a ength to 28 [x= 0 islegthaasay I == -2 (fail) said i = = 100 a[i] > 10

-

↳0 E G length D 100 egth
illdefinedaon-Z

&E10 a [] > 10 is skipped
crash ! and expression just

evaluates

ie) is a lengthsi
=0 aiThe to false.
constraint.



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

VioQ(I)
Ji : Q(I)

↓ false input
find ain a that shows

D
.

can you otherwise?

& boolean allPositive (int[] a)E
what if

empty range ,
twire of ->If (a length = = 0) & return o 3

?
3 no witness= can be found↓ TR(z) false . in empty away

to prove otherwise

boolean somePositive (intI] a) ?false whatif Ef (G . length = = 0) return false 3↓
Rsi) = false ? : no witness

3
can be found
in empty arraig to
port.



I set of integers
-A ,... 3 - 1s0s7

,

- -

-
+A

N set of natural numbers
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,
2
, ... +

A

Na
7, 2 -- + A



Vi
= j · TENxjERE])

↓
need to consider

# combinations

of (isj).



Logical Quantifiers: Examples

∀ i • i ∈ ℕ ⇒ i ≥ 0

∀ i • i ∈ ℤ ⇒ i ≥ 0

∀ i, j • i ∈ ℤ ∧ j ∈ ℤ ⇒ i < j ∨ i > j

∃ i • i ∈ ℕ ∧ i ≥ 0

∃ i • i ∈ ℤ ∧ i ≥ 0

∃ i, j • i ∈ ℤ ∧ j ∈ ℤ ∧ (i < j ∨ i > j)

O
+=⑪

-> I = =
fullewit

If
T .. = -

O &
False witness EJ jt ,

-
- - = ① witness : 0

.

-
= =
DI witness : 3

> ① witness : i = 2

j= 3



Logical Quantifiers: Examples

How to prove ∀ i • R(i) ⇒ P(i) ?

How to disprove ∀ i • R(i) ⇒ P(i) ?

How to prove ∃ i • R(i) ∧ P(i) ?

How to disprove ∃ i • R(i) ∧ P(i) ?

Goal : Show RCT) =PCI) = true

trivial
(1) show <R() "zero of E : false = P = true

nader (2) Show RCT)
>
PCI) (e.g. all elements in a non-empty array

are

positive)
-

GoalShow give a witness Ss.
R(j) and P(j)

not (1) Show RCT)
,
LPCI)

hard.
give a witness st

. R(j) but <P(j)
for those
I satisfying

-

Goal : Show RCT) X PT) is false. harder
-

triaD show <Rsi): 4 = falseRich is in this
·



Prove/Disprove Logical Quantifications all X n 1 .. 10

satisfies
~ thiS.

~
- &

Do O
XE 1 .. 10

(non-empty range R(X) not false).

Exercise .

~ -

· O.
non-empty range , witness :&By choosingwitnesswhich

Exercise . ↓
not sufficient by just onewits a



Logical Quantifications: Conversions

(∀ X • R(X) ⇒ P(X)) ⇔  ¬(∃ X • R ∧ ¬P ) 

(∃ X • R ∧ P) ⇔  ¬(∀ X • R ⇒ ¬P)

R(x): x ∈ 3342_class
P(x): x receives A+

De Morgan

(x .0(x) 75x- &(x)
-

-X . R(x) = P(x) = 54=8 = Pvg3
= (x . &(x) (> -7x · -&(x)3 77x· R(X) )- -

27x · [(R(x) =Rx)) < [7(pvq) = <Px7qq7(p)= p3
-

27x · R(x) < <P(X)
.

↓
Exercise


